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1. Quick questions [20]

(a) Perturbation theory allows us to compute changes in the eigenvalues and eigenvectors of a
system when the Hamiltonian changes by a small amount. [2]

(b) If the Hamiltonian for the system is Ĥ = Ĥ0 + λV̂ , where Ĥ0φn = Enφn and Ĥψn = Wnψn, then

ψn =
∞∑

p=0

λpψ(p)
n

Wn =
∞∑

p=0

λpW (p)
n

[2]

(c) We use the unperturbed wavefunctions φn to expand the corrections to the wavefunction. [2]

(d) The first order correction to the energy is W (1)
n =

∫
φ∗nV̂ φn dτ . [2]

(e) The first order correction to the wavefunction is

ψ(1)
n =

∑
k( 6=n)

Vkn

En − Ek
φk

where Vkn =
∫
φ∗kV̂ φn dτ . [2]

(f) The second order correction to the energy is

W (2)
n =

∑
k( 6=n)

|Vkn|2

En − Ek

[2]

(g) Degenerate states need to be treated in a special way because the first order correction to the
wavefunction contains terms that are zero in the denominator. [2]

(h) The first order correction to the energy of degenerate states is given by the eigenvalues of the
matrix Vkn where only the degenerate states are used to build the matrix. [2]

(i) The linear Stark effect for hydrogen is given by degenerate perturbation theory. [2]
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(j) The degeneracy in positronium is a result of the energy being independent of the orientation
of the spins. [2]

2. Degenerate perturbation theory [20]

(a) We have

ŝe · ŝp =
1
2

(ŝe+ŝp− + ŝe−ŝp+) + ŝez ŝpz

=
1
2

((ŝex + iŝey) (ŝpx − iŝpy) + (ŝex − iŝey) (ŝpx + iŝpy))

= ŝexŝpx + ŝey ŝpy + ŝez ŝpz

[4]

(b) For one spin we have

〈m|ŝz|m′〉 = m~δm,m′

〈m|ŝ+|m′〉 = ~δm′,− 1
2
δm, 1

2

〈m|ŝ−|m′〉 = ~δm′, 1
2
δm,− 1

2

thus for two spins we get [10]

〈memp|ŝez ŝpz|m′
em

′
p〉 = me~δmem′

e
×mp~δmpm′

p

〈memp|ŝe+ŝp−|m′
em

′
p〉 = ~δm′

e,− 1
2
δme, 1

2
× ~δm′

p, 1
2
δmp,− 1

2

〈memp|ŝe−ŝp+|m′
em

′
p〉 = ~δm′

e, 1
2
δme,− 1

2
× ~δm′

p,− 1
2
δmp, 1

2

Hence

〈memp|ŝe · ŝp|m′
em

′
p〉 = ~2


−1/4 1/2 0 0
1/2 −1/4 0 0
0 0 1/4 0
0 0 0 1/4


mp = 1

2 , me = − 1
2

mp = − 1
2 me = 1

2
mp = 1

2 , me = 1
2

mp = − 1
2 me = − 1

2

(c) The top left 2× 2 block has eigenvalues λ given by∣∣∣∣∣ −~2

4 − λ ~2

2
~2

2 −~2

4 − λ

∣∣∣∣∣ = 0

⇒
(
−~2

4
− λ

)2

−
(

~2

2

)2

= 0

⇒ λ =
~2

4
OR − 3~2

4

and the energies are A~2/4 and −3A~2/4. [6]

3. Non-degenerate perturbation theory [20]
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(a) The first order change in energy for state n is

∆ε(1)n =
∫ ∞

−∞
ψn(x)V (x)ψn(x) dx

=
2
L

∫ L

0

V0 sin2
(nπx
L

)
sin

(mπx
L

)
dx

=
2V0

4L

∫ L

0

[
sin

(
(2n−m)πx

L

)
+ 2 sin

(mπx
L

)
− sin

(
(2n+m)πx

L

)]
dx

=
V0

2L

[
−L

(2n−m)π
cos

(
(2n−m)πx

L

)
− 2L
mπ

cos
(mπx

L

)
+

L

(2n+m)π
cos

(
(2n+m)πx

L

)]L

0

=
V0

2L

[
−L

(2n−m)π

(
(−1)(2n−m) − 1

)
− 2L
mπ

((−1)m − 1) +
L

(2n+m)π

(
(−1)(2n+m) − 1

)]
=

V0

2π
((−1)m − 1)

[
−1

(2n−m)
− 2
m

+
1

(2n+m)

]
=

8V0

π

n2

m(4n2 −m2)
(m is odd)

[7]

(b) Show that the matrix element Vnn′ =
∫∞
−∞ ψn(x)V (x)ψn′(x) dx is given by

Vnn′ =
∫ ∞

−∞
ψn(x)V (x)ψn′(x) dx

=
2
L

∫ L

0

V0 sin
(nπx
L

)
sin

(mπx
L

)
sin

(
n′πx

L

)
dx

=
2V0

4L

∫ L

0

[
sin

(
(n+m− n′)πx

L

)
+ sin

(
(n−m+ n′)πx

L

)
− sin

(
(n+m+ n′)πx

L

)
− sin

(
(n−m− n′)πx

L

)]
dx

= − V0

2L

[
L

(n+m− n′)π
cos

(
(n+m− n′)πx

L

)
+

L

(n−m+ n′)π
cos

(
(n−m+ n′)πx

L

)
− L

(n+m+ n′)π
cos

(
(n+m+ n′)πx

L

)
− L

(n−m− n′)π
cos

(
(n−m− n′)πx

L

)]L

0

= −V0

2π

[
1

(n+m− n′)

(
(−1)(n+m−n′) − 1

)
+

1
(n−m+ n′)

(
(−1)(n−m+n′) − 1

)
− 1

(n+m+ n′)

(
(−1)(n+m+n′) − 1

)
− 1

(n−m− n′)

(
(−1)(n−m−n′) − 1

)]
=

V0

2π

(
(−1)(n−n′) + 1

) [
1

n+m− n′
+

1
n−m+ n′

− 1
n−m− n′

− 1
n+m+ n′

]
[9]
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(c) The first order correction to the wave function ψn is

∆ψ(1)
n =

∑
p( 6=n)

Vpn

En − Ep
φp

=
V0

2π
2m
~2

(
L

π

)2
√

2
L

∑
p6=n

(−1)p−n + 1
n2 − p2

[
1

p+m− n
+

1
p−m+ n

− 1
p−m− n

− 1
p+m+ n

]
sin(

pπx

L
)

[4]
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