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1. Quick questions [20]

(a) En = (n + 1
2 )~ω [2]

(b) The amplitude. [2]

(c) â± = 1√
2m~ω

(p̂± imωx̂) [2]

(d) â+|n〉 = i
√

n + 1|n + 1〉 [2]

(e) Lx = ypz − zpy (classical), L̂x = −i~
(
y ∂

∂z − z ∂
∂y

)
(quantum) [2]

(f) [L̂2, L̂x] = 0. The eigenvalues of L̂2are l(l + 1)~2. [2]

(g) L̂± = L̂x ± iL̂y [2]

(h) The largest and smallest values of m are l and −l respectively.
[2]

(i) The allowed eigenvalues for the electron spin operators Ŝ2

and Ŝz are 3
4~2 and ± 1

2~ respectively. [2]

(j) The commutation relations (Ĵ × Ĵ = i~Ĵ ) [2]

2. Harmonic Oscillator [20]

(a) Starting from the definitions of the raising and lowering op-
erators we get

â± =
1√

2m~ω
(p̂± imωx̂)

⇒ [â−, â+] =
1

2m~ω

(
[p̂, p̂] + imω [p̂, x̂]− imω [x̂, p̂] + m2ω2 [x̂, x̂]

)
=

1
2m~ω

(0 + ~mω + ~mω + 0) = 1

[4]
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(b) We start from â−|n〉 = cn−1|n− 1〉

〈n|â†−â−|n〉 = 〈n|â+â−|n〉 = 〈n|N̂ |n〉 = n

= |cn−1|2〈n− 1|n− 1〉 = |cn−1|2

⇒ cn−1 = eiφ
√

n

By convention cn−1 = −i
√

n. [4]

(c) We have x̂ = −i
√

~
2mω (â+ − â−). Thus

x̂2 = − ~
2mω

(
â2
+ + â2

− − â−â+ − â+â−
)

= − ~
2mω

(
â2
+ + â2

− − 2â+â− − 1
)

〈n|â2
−|n〉 = 〈n|

√
n(n− 1)|n− 2〉 = 0

〈n|â2
+|n〉 = 〈n|

√
(n + 1)(n + 2)|n + 2〉 = 0

〈n|2â+â− + 1|n〉 = 2n + 1

⇒ 〈n|1
2
mω2x̂2|n〉 =

1
2
(n +

1
2
)~ω

[4]

(d) Similarly p̂ =
√

m~ω
2 (â+ + â−). Thus

p̂2 =
1
2
m~ω

(
â2
+ + â2

− + â−â+ + â+â−
)

⇒ 〈n| 1
2m

p̂2|n〉 =
1
2
(n +

1
2
)~ω

[4]

(e) 〈n| 1
2m p̂2 + 1

2mω2x̂2|n〉 = (n + 1
2 )~ω. This follows from the fact

that (n + 1
2 )~ω is just the energy and 1

2m p̂2 + 1
2mω2x̂2 is the

Hamiltonian. [4]

3. Angular Momentum [20]

(a) We have L̂± = L̂x ± iL̂y. Thus

L̂± = −i~
(
− sinφ

∂

∂θ
− cot θ cos φ

∂

∂φ

)
± ~

(
cos φ

∂

∂θ
− cot θ sinφ

∂

∂φ

)
= ~

(
(i sinφ± cos φ)

∂

∂θ
+ cot θ (∓ sinφ + i cos φ)

∂

∂φ

)
= ~e±iφ

(
i cot θ

∂

∂φ
± ∂

∂θ

)
[5]
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(b) Y01 ∝ L̂+Y00 = ~eiφ
(
i cot θ ∂

∂φ + ∂
∂θ

)
1√
4π

= 0

Y0−1 ∝ L̂−Y00 = ~e−iφ
(
i cot θ ∂

∂φ −
∂
∂θ

)
1√
4π

= 0
This is what we would expect since the only allowed value of
m when l = 0 is 0. [5]

(c) Using L̂+ = ~
√

(l −m)(l + m + 1)|lm+1〉 we get L̂+Y10 = ~
√

2Y11.
But

L̂+Y10 = ~eiφ

(
i cot θ

∂

∂φ
+

∂

∂θ

) √
3
4π

cos θ

= −~eiφ

√
3
4π

sin θ

⇒ Y11 = −
√

3
8π

sin θeiφ

[5]

(d) Using L̂− = ~
√

(l + m)(l −m + 1)|lm−1〉 we get L̂+Y10 = ~
√

2Y11.
But

L̂−Y10 = ~e−iφ

(
i cot θ

∂

∂φ
− ∂

∂θ

) √
3
4π

cos θ

= ~e−iφ

√
3
4π

sin θ

⇒ Y11 =

√
3
8π

sin θe−iφ

[5]
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