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1. Quick questions [20]
(@ B, = (n+ 3)hw [2]
(b) The amplitude. [2]
(d) ayln) =ivn+1n+1) [2]
(e) L, =yp. — zpy (classical), ﬁx = —ih (y% — Za%) (quantum) [2]
() [L2, L,] = 0. The eigenvalues of L%are I(I + 1)h2. [2]
(@ Li=L,+il, [2]

(h) The largest and smallest values of m are [ and —I respectively.
(2]

(i) The allowed eigenvalues for the electron spin operators 52
and S, are 2/h? and +3h respectively. [2]

(j) The commutation relations (j x J = ihj) 2]
2. Harmonic Oscillator [20]

(a) Starting from the definitions of the raising and lowering op-
erators we get
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* 2mhw g )
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= [a—aa-‘r] = 2mhiw ([p7p] + 1mw [p7 I’] — Imw [I7p] + m2w2 [,I,.T])
1
= 2mhw(0+hmw+hmw+0)f1
(4]



(b) We start from a_|n) = ¢,—1|n — 1)

(mlala_|n) = (nlasa_|n) = (n|Njn) = n
= JenaPn—1fn —1) = eo|?
e = €%n
By convention ¢, _; = —iy/n. [4]

(c) We have & = —iy/ 5 (a4 —a_). Thus

= —g—(@i+al-aap-aza)

h
= 5 (a++a —244aG_ — 1)

(nja®|n) = (n|]/n(n—1)|n—2)=0
(nlag|n) = (n[v/(n+1)(n+2)|n+2) =0
<n\2d+a +1jn) = 2n+1
B 1,1
(n| mw?a?|n) = §(n+ §)ﬁw

(4]
(@ Similarly p = /™ (a4, +a_). Thus

1
]52 — §mhw (&i —+ (AL% + &7&4» + CAler,)
1 11
S i) = s+ S

(4]

(@) (n|5=p* + %mw 23%|n) = (n + 4)hw. This follows from the fact
that (n + 3)hw is just the energy and ;.5 + Imw?i? is the
Hamiltonian. (4]

3. Angular Momentum [20]

(a) We have Iii =L, + i[iy. Thus

Ly = —ih <— sin qbag cot 6 cos ¢86¢> +h (cos gbg cot951n¢8a¢>
= h((lsm(ﬁicos@8+cot9(:|:sm¢+1cos¢) 5‘¢)>
= heti? (1 cot Ha—d) + 4 )

(5]



(B) You o £y Yoo = he (1cot 0 + 4} = = 0
Yo_1 o L_Yo = hie 1% (i COtQ% - % Vam =0

1

4
This is what we would expect since the only allowed value of
m when [ =0 is 0. [5]

(©) Using Ly = hy/(I —m)({ +m + 1)[lm+1) we get L, Y19 = hv/2Y1;.

But
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= —ﬁei¢1 / % sin 6
3 e
=Y1 = —4/—sinfe
8
[5]
(d) Using L_ = hy/(l + m)(I —m + 1)|lm—1) we get L, Yio = liv/2Y1;.
But
LYy = he ™ <1cot 9% — 889> \/%cosﬂ
/3
= _l¢ — g
hie i sin 6
3 . i
=Y = — sin fe
8
[5]



